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Abstract: We study M = A quiver theories on the three-sphere. We compute partition 
functions using the locahsation method by Kapustin et ah solving exactly the matrix 
integrals at finite iV, as functions of mass and Fayet-Iliopoulos parameters. We find a 
simple explicit formula for the partition function of the quiver tail T{SU{N)). This 
formula opens the way for the analysis of star-shaped quivers and their mirrors (that 
are the Gaiotto-type theories arising from M5 branes on punctured Riemann surfaces) . 
We provide non-perturbative checks of mirror symmetry for infinite classes of theories 
and find the partition functions of the TV theory, the building block of generalised 
quiver theories. 
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1 Introduction 

Over the last two years the new class of 4d Af = 2 super-conformal gauge theories 
introduced by Gaiotto [1] has attracted much interest. This class of theories can be 
viewed as arising from a super-conformal 6d theory, the world- volume theory of M5 
branes, compactifled on the product of Minkowski Ad space and a genus g Riemann 
surface with n punctures. Each puncture is associated with a Young diagram specifying 
the behaviour of the flelds at the puncture. Any Riemann surface with punctures can be 
constructed by gluing spheres with three punctures through tubes. Correspondingly, 
a generalised quiver theory can be constructed by taking a number of T/v theories, 
the low-energy limit of N M5-branes on a sphere with three punctures, and gauging 
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together their flavour symmetries. The Tjv theory is the building block of generalised 
quiver theories, it has SU{NY flavour symmetry, no marginal couplings and does not 
admit a Lagrangian description. The Gaiotto construction provides a new unifying 
framework for the study of S-duality of M = 2 theories which encodes and extends 
the early observation by Argyres and Seiberg [2] who discovered the non-Lagrangian 
E6 theory [3], in strong coupling limit of the SU{3) theory coupled to 6 fundamental 
hypers. 

In this paper we study the 3d version of this class of generalised quiver theories. 
After 5*1 compactification, 4d theories flow to an IR point fixed leading to A/" = 4 
super-conformal generalised quiver theories in 3d. The vacuum moduli space of AA = 4 
theories in 3d consists of a Coulomb and a Higgs branch corresponding respectively 
to fluctuations of massless vector multiplets and hypermultiplets. A very interesting 
duality acting on this moduli space is mirror symmetry [4] which exchanges the Higgs 
and Coulomb branches of mirror pairs of theories swapping mass parameters for the 
hypermultiplets with Fayet-Iliopoulos (FI) parameters for the vector multiplets. 

In [5], by generalising the construction of mirrors of standard gauge theories involv- 
ing D3-branes suspended between 5-branes given in [6], it has been found the mirror of 
generalised quiver theories. For a theory associated to a sphere with k punctures the 
mirror theory is conjectured to be a star-shaped quiver with k arms coupled to a central 
SU{N) node. Interestingly star-shaped theories, mirror of generalised quiver theories 
including T/v blocks, turn-out to be always weakly coupled and admit a Lagrangian 
description. In this paper we will compute partition functions of this class of 3d AA = 4 
theories by means of localisation techniques. 

The technique of localisation of supersymmetric partition functions involves the 
addition of a Q-exact operator to the action, which does not affect the path integral, 
but renders the 1-loop approximation exact. Localisation has been first applied to gauge 
theories on spheres by Pestun [7], who obtained the partition function oi M - 2 theories 
on 5*4. Kapustin, Willett, and Yaakov (KWY) [8] applied localisation techniques to 
the study of AA = 2 theories on the three-sphere 5*3. Path integrals reduce to matrix 
models, which can be solved at large A^. In particular, the ABJM matrix model, has 
been solved by Drukker, Marino, and Putrov [9], who found the famous N^l'^ scaling 
of the entropy of multiple M2 branes. Chern-Simons matter theories have also been 
studied [10, 11]. For an excellent review on this topic and a complete list of references 
see [12] . Localisation techniques have been extended also io M = 2 theories where the 
anomalous dimensions of the matter fields are not canonical [13, 14]. 

In [15] localisation has been applied to test non-perturbatively mirror symmetry in 
strongly coupled super-conformal field theories in three dimensions deformed by real 
mass terms and FI parameters. For conjectured mirror pairs of theories, partition 
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functions, computed by localisation, have been shown to agree provided the mass and 
FI parameters are exchanged. In [16] Seiberg-like dualities have been tested with similar 
methods, while in [17], 3d superconformal indices of mirror pairs of theories have been 
shown to coincide. In this paper we apply the KWY localisation techniques to 3d = 4 
generalised quiver theories and to their star-shaped mirror dual. One of our main results 
is the following explicit expression for the partition function of the T(SU{N)) quiver 
tail Fig. 6: 

y c/vr-iVe^''*^j'™''(j)''^ 



,7V(iv-i)/2 jjN^ ^h{m, - m,) Wl^ sh{e, - e,) 

displaying a manifest self-mirror symmetry under the exchange of mass rrii and FI Cj 
parameters. The T{SU{N)) quiver tail is the building block to construct generic star 
shaped quiver theories, by using our exact expression we are able to compute partition 
functions of this infinite family of theories solving exactly the matrix integrals at finite 
N. For mirror pairs involving only theories admitting a Lagrangian description we 
compute partition functions on both sides of the duality and check that they agree 
provided we exchanged mass and FI parameters. In this way we provide infinite non- 
perturbative tests of the mirror construction of [5] . Assuming mirror symmetry we then 
obtain the partition function of the T/v theory which is the building block to construct 
generahsed quiver gauge theories. 

The papers is organised as follows. In section 2 we introduce the KWY rules for the 
computation of partition functions on S3. We then compute the partition function of 
the U{1) theory with flavours which is one of our main tools. In section 3 we study 
several mirror pairs of rank two models. We begin section 4 with the computation 
of the partition function of the T{SU{N)) theory. We then use this building block 
to compute partition functions of star shaped quiver theories and compare them with 
their mirrors. In section 5 we study non-Lagrangian theories. We compute the partition 
function of the T/v theory and use it as a building block to obtain generalised quiver 
theories. We discuss the TQFT structure of these theories and the associativity of the 
Tjv blocks. 



2 Our set-up 

In this section we review the rules for the computation of partition functions on S3 
and our main tool: the explicit result for the partition function of U{1) theory with A^ 
flavours. 
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2.1 The Kapustin-Willet-Yaakov matrix integrals 

Recently it has been shown that the path integral of 3d supersymmetric theories lo- 
calises to a matrix integral [8]. In the case of = 4 quiver gauge theories, with 
SU{N)IU{N) gauge groups and fundamental/bifundamental matter, the partition 
function on is given by a matrix integral that is written down using the follow- 
ing rules. 

In order to have a slightly more concise notation, we define: 

sh(A) =2 smh{Tr A), ch(A) =2 cosh(7r A). (2.1) 

For every gauge group U (N) with FI parameter t] we have the following integral over 
the Cartan divided by the residual Weyl symmetry: 



X 



+00 ^N^ N 



Ylsh'^{xi-Xj)e^''''^^^ ^\ (2.2) 



For SU{N) gauge groups we replace d^x with d^x6{Y,Xi) and remove the FI param- 
eter. 

For every fundamental of mass m attached to the node with integration variables 
Xi we add the factor: 

Ui=iCh{Xi-m) 

while for every bifundamental of mass m attached to the nodes U{Ni) with integration 
variables Xi and U{N2) with integration variables Ui we insert: 

1 



X\^AY\%ch{x,-y,-m) 



(2.4) 



Example To see our rules at work we consider the case of a U{N) theory with K 
flavours with masses rrij and FI rj, the corresponding quiver is depicted in Fig. 2.1. 



N 



K 



Figure 1. U{N) with K flavours. 
The partition function reads: 



Here and in the rest of this paper we use the hat to indicate off-shell partition functions. 
On-shell partition functions satisfy Ef^^^i = 0. 
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The Cauchy determinant formula A tool that is very useful is the so called 
Cauchy determinant formula: 

YlZj sh(xi-Xj)-llZjSh{yi-yj) ^ ^ ^ ^ „ 1 



E i-^r^^^, (2-6) 



This formula can be used to get rid of the Y^^jsK^ixi - xj) associated to a certain 
node whenever the number of flavours for that node is twice the number of colours, 
or greater. That is when that node is a good node, in the Gaiotto-Witten sense [18]. 
For instance, in the case of U{N) with K > 2N flavours we can separate the flavors 
into 3 parts, N + N + (K - 2N) with masses {nii}, {rfii}, {Mj}, and use the Cauchy 
determinant formula twice, to write z'^^^^ as 

Epp'(-1)''+^' rd^x e^-^^f-' 



— f 



YlZj sh{mi - mj)sh{mi - rrij) J N\ Jjf^. ch{xi - mp(^iy)ch{xi - nXp^i^i)) Y[f=2N+i ch{xi - Mj) 

(2.7) 

We see that the integral factorizes into N single (abelian) integrals and in practice we 
have to deal with a sum of products of partition functions of U{1) gauge theories. All 
the Lagrangian J\f = A theories that we will study in this paper share this abelianization 
property, so, to compute exact partition functions, we will need the partition functions 
of the U{1) theory with flavours. 

2.2 Abelian integrals: f/(l) with A^ flavours 

In this section we compute the partition functions of the U{1) theory with A^ flavours. 



N 



Figure 2. The U{1) theory with A'' flavours. 



The partition function is deflned as follows: 



ds 



ch{s - mi)ch{s - m2)---ch{s - ttin) 



(2. 



This is the off-shell partition function of a U{1) gauge theory coupled to A^ hypers of 
charge 1 and masses rrii, which we assume to be real. It is possible to perform the 
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integral explicitly using residues, we have to consider N infinite sets of simple poles, 
located at 

s ^ TJii + i{2ki + 1) /2 /c, = 0,1,... (2.9) 

the first set contributes: 

p2TTimiri °o 
^ — e'"" y(-l)kN^~2nkv^ ^2. 10) 

Uj^^ch{mi-mj + i/2} 
taking into account all the sets of poles we obtain: 

"^0 = ^^^^ _ (_i)7Ve-.,?) g Yl,^. ch{mi - mj + i/2) " 

1 p2TTimirj 

= - y - (2 11) 

In the limit of vanishing FI parameter 0, we have: 

ij;^^^(0;mi) = , oddN, (2.12) 

Example = 1: 

In the special case of one flavour we get : 

ch{a-'m) ch{r]) 

On shell, for m = we have: 



^f(^Hr^,m) = / da-^ ^ = (2.14) 

J ch(a-m) cniv) 



Z^^'\v) = ^ = Z,freeH{v), (2.15) 

which is a manifestation of the basic statement of abelian mirror symmetry [4]: the 
Af = 4, U{1) theory with one flavour and with FI parameter t], is mirror of the Af = 4 
theory of 1 free hyper with mass t]. 

Example N = 2: 

In the special case of 2 flavours we get: 

Zo '{ri,m) = / ds—— t^ttt TT = ~r7 — ; r^~r\ = ~r7 — (2 ,16) 

J ch{s - m/2)ch{s + m/2) sh{m/2 + m/2)s{T]) sh{m)sh{r]) 

we see that the partition function is symmetric in m <^ r^: 

Z^^'\7^,m) = Z^^'\m,r^). (2.17) 
This is a manifestation of the fact that U{1) with 2 flavours is self-mirror [4]. 
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3 U{2) and SU{2) models 



In this section we compute partition functions of the following quiver gauge theories: 

1. SU(2) with K flavours. 

2. U{2y+^ X f/(l)4//f/(l), the Dk quiver. 

3. SU{2) X f/(l)^ star-shaped. 

We will compute the partition functions of these models as functions of FI and mass 
parameters. Some of these theories are related by mirror symmetry as explained in the 
following table where we indicate the dimensions of Higgs and Coulomb branches and 
the number of masses and FI parameters: 



Model 


dim Higgs 


dim Coulomb 


^ masses 


# of FI's 


SU(2) with K flavors 


2ir-3 


1 


K 





SU{2) X ^7(1)^ star-shape 


iV-3 


N+l 





N 


SU{2Y linear-shape 


k + A 


k 


k + 3 





t/(2)'^+i X f/(l)4//f/(l) D;.,-shape 


1 


2k + 5 





k + A 



One can easily single out mirror pairs as pairs of theories for which the Higgs and 
Coulomb branches are exchanged. 

3.1 SU(2) with K flavours 

The partition function with quiver diagram in Fig. 3^ is defined as 




Figure 3. SU{2) with K flavours. 

Z^^'{mi)= / — — — d{Xi + X2) — j7 . 

J 2! Y[j=ich{xi- mj)ch{x2- nij) 

We use a double circle, as opposed to a simple one to denote SU{N) nodes. 
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We separate the K >4: flavors into 2 + 2+ (K-A) so we can use the Cauchy determinant 
formula twice and get rid of the sh'^(xi - X2) numerator: 

' X (3-1) 

J rr ch(x - m,„)ch(x + m,>„) 



sh{mi - m2)sh(m3 - m^) J H^s ch{x - mp)ch{x + nip) 
/ 1 1 \ 1 



y ch(x - nii)ch(x + 7/12) ch(x - ni2)ch(x + mi) J ch(x - m^)ch{x + m^) 

Now we can perform the last integral over x using eq. (2.11) with 2{K -A) +4 = 2K -A 
flavours and vanishing FI parameter. Let us focus on the terms proportional to mi, 
there are 2 such terms and they contribute as 

nil 

rijas sh{mi - nii)sh{mi + nii)sh{mi + ni2)sh{nii - m-i)sh[nii + m^) 

-mi 

riias sh(mi - mi)sh(mi + mi)sh{-mi - m2)sh{-mi - m^)sh[-mi + 7714) ' 
summing these two terms we get 

mish{2mi) 



nj>i(s/i2(mi) - sK^inij)) 



(3.2) 



By symmetry in the mj, we obtain the following exact expression for the partition 
function: 

3.2 The Dk quiver 

In this section we study the U (2)^+^ x U{l)^l jU (1) theory also known as the Dk quiver. 
As in Fig. 4 we denote by ^7 the FI's and by z^'' the Cartan's of the U{2) nodes with 
/ = 1, /c, 2 = 1, 2. We then denote by Xi the Cartan's of the SU (2) node and by rja^^cd, 
a,b,c,d the FI's and Cartan's of the U{1) nodes. 
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Figure 4. the quiver 

The partition function is given by: 
1 r ^ 



Hi ch(z^^^ - a)ch{zl^^ - b)ch(xi - c)ch(xi - d) 



1 1 r e^'^ 

= —r-r—, ; — / dhddY\ dzlAzldxidx25{xi + X2) — 

2'^^^ shriashriJ l^i 1 2 1 2 w 2; ^2 



ch{z\^'* - b)ch(xi - d) 



e 



By reordering the integration variables z^ we get rid of k sums over permutations 
and gain a factor 2'^. It is now convenient to take the (inverse) Fourier transform of 
each ch to obtain: 



(3.4) 
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2 shrjashrjc J a^i ^ ^ 

^ r dSidS2 ^2.i(s,iz\'^-b)+S2izi'^-b)] r dpidp2 ^2.i(pUx,-d)+v,(x,-d)) 

J chsichs2 J chpichp2 

(3.5) 

We will now show that the above expression coincides with the partition function of 
the mirror theory, the SU{2) theory with K = 3 + k flavours (Fig. 3), provided we used 
the following dictionary: 

r]a = 7714-1713, ?7fe = m3 + m4, ?7c = m2-mi, r]d = mi+m2 

= 7714+1 -ms+i, I = l,---k. (3.6) 

There are four terms in eq. (3.5). Let's consider first the term proportional to 
g27rjr?„2j ^2^-0^x1^ ^]^g integration over b,d,Xi,z^ produces the following deltas: 

_ ^(7) ^ ^(^(/-i) _ ^(7) ^ ^^^^ / = 2, -fc + 1, 

Si-Si- S2 + r]b), S{-pi-p2 + 7]d), 

(3.7) 

solving for Si and expressing the result in terms of x = Si + Tn^ we obtain the following 
combination of ch's in the denominator: 

Ch{x + 77l3)ch(x - 77l4)ch{x + 7n^)ch{x - 77l^)---ch{x + 77lk+4)ch{x - 

Ch(x + 77l2)ch(x - TTLi). (3.8) 

The remaining three terms give similar contributions. Putting everything together we 
rewrite the partition function as: 



Sh{77l2 - 77li)sh{77l4 - 771^) l []/ ch{x + m4+/) 



j)ch{x - 7n4+i) 

1 1 \ 1 



^ ch{x - 7ni)ch{x + 7712) ch(x + 7ni)ch(x - 7712) j ch{x - 7n3)ch{x + 7714) 

(3.9) 
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This expression coincides with the partition function of the SU{2) theory with 
K - 3 + k flavours, eq. (3.1). 

3.3 SU(2) X U{1)^ star shaped 

Let's consider now the SU{2) x U{1)^ star shaped theory depicted in Fig. 5, with FI 
parameters T]i, i = 1, ■■■N. 




Figure 5. SU{2) x 
The partition function reads: 

ZN{Tli) = / {[dai^^K^^ + ^^y r^2 r^N ur (^'^^^ 

i ^- ch{xi - aj) 

The Abehan integrals over Oj can be performed using the result in (2.16) and we obtain: 

1 r dx J^r 2sm(27Triix) 



r dx ^ 2sm{2TTr]iX) 
J sh(2xV-^ l\ shin) ■ ^ ' ' 



2 J sh{2x)^-^l\ sh{r],) 

The integral is convergent for > 3. For < 3 we have bad theories in the Gaiotto- 
Witten [18] sense while A^ = 3 corresponds to an ugly theory mirror of the theory of 4 
free hypers. For A^ > 3 the mirror is a linear quiver with A^ - 3 SU(2) gauge groups, a 
good theory. In eq. (3.11) the Sn symmetry among the A^ FI parameters is explicit, 
and the last integral can be performed in terms of the sin/ cos transform of sinh{t)''^, 
after expanding the product of the A^ sin(77x)'s in terms of sums of sin / cos functions. 
We will perform the integral for the cases A^ = 3 and A^ = 4. 

More results for generic SU{2) star shaped quivers can be obtained as particular 
cases of the results we give in section 4.3. 
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Example SU{2) x U(iy: 

In order to perform the computation of we use the trigonometric identity 
2sin(a)2sin(6)2sin(c) - 2 (sin(a + b + c) + sin(a - b- c) + sin(-a + b - c) + sin(-a - b + c)) 
and the sin-transform: 



/ 



^ sin(27r?7s) sh{ri/2) 



sh{2s) 2ch{r]/2)' 
to get 

^ ^ th{{rii + r]2 + r/3)/2) + t/i((r/i - r/2 - r/3)/2) + t/i((-r7i + - r73)/2) + t/i((-r/i - r/2 + Vs)/^) 

2sh(r]i)sh{r]2)sh{r]3) 

After few manipulation the above expression simplifies to^: 

I . 

2ch{{rii + r]2 + ?73)/2)c/i((?7i -r]2- r]s)/2)ch{{-7]i + 7/2 - r]s)/2)ch{{-r]i - 772 + ^?3)/2) ' 

(3.12) 

This is the partition function of 4 free hypers with masses (r/i ± 772 ± ^3)/2. 
Example SU{2) x ^/(l)^: 

In the special case = 4 we need to use a trigonometric identity to express the product 
of 4 sin(x)'s in terms of the sum of 8 cos(x)'s: 



2J sh{2xY n '^sin{27Triix) = j ^^^^^^^^ ( cos(27r(r/i + r]2 + V3 + + cos(27r(r/i + t]2-t]3- 



4 

' ' J sh{2xy^ " ' ' ' ' ^ 

+ cos(27r(-r7i + r]2+r]3- r]i)x) + cos(27r(r7i - 772 + ^73 - ^74)2;) - cos(27r(-r7i + 772 + ^73 + - 
- cos(27r(?7i -r]2 + r]3 + rji)x) - cos(27r(?7i + r/2 - ^^3 + ^4)2;) - cos(27r(r7i + r72 + ^3 - ??4)a;)) 

(3.13) 

and use the following cos-transform: 

cos(2<x) ^c/i(^/2) 



dx- 



s/i(2x)2 2sh{il2) 



to compute the last integral. 

At this point we change variables with the dictionary: 

T]i = nil - 7712, ri2 = fhi + 7712-, 7]^ = 7ni - 7712, 7] 4^ = 7711 + 7712- (3-14) 



^This expression has been previously obtained in [19]. 
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We now collects terms proportional to mi. 

(ch(m,i+mi) ch(mi-mi) c/i(mi-m2) ch(mi+fh2)\ 
sh{mi+rhi) s/i(mi-mi) sh(mi-m2) sh(mi+rh2) ) /o i r\ 

(3.15) 



sh(mi - m2)sh(mi + m2)sh{mi - m2)sh{mi + 771,2) 
We get similar expressions for the other m's. After few manipulations, putting all 
together we obtain'^: 

^5C/(2)xi/(i)4|.^^^ ^ y mish(2mi) ^ ^^^^^^ 

This is precisely the partition function of the SU (2) theory with 4 flavours given in eq. 
(3.3). 



4 Lagrangian theories 

We will now move to the study of generahsed quiver theories corresponding to spheres 
with two generic punctures and any number of simple ones. These theories admit a 
Lagrangian description. We will compute explicitly their partition functions and those 
of their mirror pairs, which are star shaped quiver theories. We start with the explicit 
evaluation of the partition function of the T{SU{N)) quiver theory which, being the 
mirror of a full puncture, is the main building block. 

4.1 T{SU{N)) 

In this section we will compute the partition function of the T(SU{N)) quiver theory 
depicted in Fig. 6. T{G) is a 3d Af = 4 gauge theory at the IR super-conformal fixed 
point, with global symmetry G x {G^ is the Langlands dual of G). The Higgs 
and Coulomb branches are respectively acted by G and G^. Under the Af = 4 mirror 
transformation, T{G) is mapped to T{G^). In the G = SU{N) case the Coulomb and 
Higgs branches are isomorphic and FI and mass parameters are exchanged by mirror 
symmetry. 

T(SU(N)) will be our fundamental building block to compute the partition func- 
tion of generic star shaped quivers corresponding to spheres with generic punctures. 
Indeed, in [5] the quiver tail T(SU{N)) has been identified with the mirror of the 
full puncture 0, we will then equivalently denote the T(SU(N)) partition function as 
ZT(su(N)) or as Z%. 

Let's fix the notation as in Fig. 6. Let rid, d = 1,---N - 1 be the FI parameters 
and x^^^ (with i = l,---d) the Cartan's of the U{1) x ••• x U{N - 1) nodes. Let also 
1,---A^, Y.^ rrii = be the masses acted by the SU{N) flavour symmetry. The 

^Set 7713 = rhi and 7714 = 7772. 
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Figure 6. The quiver diagram for T{SU{N)) 



off-shell T(SU{N)) partition function is given, by the KWY rules, by: 



{N-iy. 

r, ■/ (1) I (2) (2)x / (JV-1) (iV-l)x\ 



It is convenient to change variables for the FI parameters, from rji to Cj: 

JV 

r]i = ei-ei+i, for i = l,...,A^-l with ^ei = 0. (4.2) 

i 

We claim that the result of the integral (4.1) is: 

This is one of our main results. We will provide a proof of this formula by induction 
at the end of this section. 

In terms of the variables T]i,i - 1, . . . ,N -1, the formula is a bit more complicated: 



,NiN-m pi^^. ,/,(^^ _ ^^.) nil s/.(r^, + r/,_i + 

Let us check what happens for N = 2, where T{SU{2)) is simply the U{1) theory 
with 2 flavours. In this case eq. (4.3) reduces as expected to: 



Znsui2))^^^^^^.^~^ = ^ ^— — = Z]^^'\m,,m^-^). (4.5) 

ishymi - m2)sn{ri) 
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Check of the self-mirror property: The expected self-mirror property of the 
T{SU{N)) theory, which exchanges rrii ^ e^, is manifest in our explicit expression 
for the partition function eq. (4.3). By using that: 

^ (^-iye'^-^i^j"^pu)''j = (-l)'''e^''*^J Voo'^i, (4.6) 
it is clear that the on-shell partition function = 0) is self-mirror: 

4.1.1 Proof of the formula by induction 

To prove our expression for Z^i^^W) we use it as a building block to construct 
2;T{su{N+i)).^ we gauge the flavour symmetry multiplying by the Yli^j sK^^Xi - Xj) and 
integrating over the SU{N) Cartan. We then add the Fl parameter rjN and + 1 
fundamentals of masses rrii, i = I,---, N + 1: 

■J i<j Ui=iUj=i ch{Xi-mj) 

Now we separate the + 1 fundamentals in a group of masses rrii, i = 1,---N plus a 
singlet rriN+i and plug our result for Z'^^^^^^^ to get: 



2;T{SU(N+1)) ^ I r -27Tie^T.^Xk y ( _iy 27TiZf e^^^^Xj 27rivN 



Tli<j sh{xi Xj) (4 9) 



,N(N-i)/2 Yi^^__^ ch{x, - m,) n^i ch{x, - mjv+i) ' 
we now use the Cauchy determinant formula once 



I I 

N\ z^(^-i)/2nfc/i(x,-m^,i)c/i(x,-m,,(,))' 



Ylp<qSh(mp-mg)llZj^'^h{(^i-(^j) P,^SN^ ' N\ i^i^ '^)/^ Yif ch(xi - mN+i)ch(xi - mp,(^i)] 

(4.10) 

we then reorder the integration variables Xi we get rid of one sum over permutations 
and cancel the factor N\ and get: 



(4.11) 
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where we introduced the new variable cn+i by rj^ = - e^+i . The integral at this 
point factorizes into abelian 2-flavors integrals: 



y (-i)^rf 

iNiN-i)/2 Yi^^^ sh{mp - TUg) UZj sKd - ej) ^f^N i=i ish(mN+i - mp^i))sh{e, - e^v+i) 



m„ - m 



'P '"'qj 1 li<j 



y (_l)p'g27riE,'Iimp'(,)(e«-eiV+i)^ (4-12) 



where in the last line we made use of the following identity^: 



(4.13) 



The last line in eq. (4.12) is precisely 2^T(S(7(Af+i)^ ^]-^jg concludes our proof. 



4.2 Two maximal and one minimal puncture 

In this section we will study the theory on a sphere with two maximal and one minimal 
puncture. This theory is ugly in the Gaiotto-Witten sense and corresponds to A^^ 
free hypers. We will evaluate the partition function of the mirror theory the star 
shaped quiver obtained by gluing two full punctures Zfj- and one abelian integral Z^^^\ 
corresponding to a simple puncture Z"" ^ see Fig. 7. 



1 



2 




Figure 7. Two maximal and one minimal punctures 

^The validity of this formula can be seen as follows. Separate all the A^! • 2^ terms on the L.H.S. 
according to the number of times they contain the factor e"^"*^ . UK > 1, all the terms containing niM+i 
precisely K times cancel out among themselves when performing the sum over the S'^-permutations 
p, due to the (-1)'' prefactor. So we are left with N\ terms that do not contain tiim+i and iV! • N 
terms that contain toat+i exactly once, which is precisely the content of the R.H.S. 
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The partition function reads: 

7x0©/^ ~ \ _ f dad^xS{Y, x) Ylm<n sh'^jXm - Xn) e^""'^" \ y0 - \ 

(4.14) 

by plugging in the result for we obtain: 

1 f dad^x6(Zx)e^'''^''e^'''^^''^^^pU)^^pO)'^ 



1 r dad^a;5(Ea;)e2^'«"e2^^^:'"^^('^pO)+^^-^ 



n -J 



(4.15) 

where we changed integration variable to remove one sum over permutations. We need 
the following integral with A = (^41,^2, . . . ,An) = ({sp^j) + Sj}): 



dad^ xbiY x)-^, = / dad^xbiY x^Na) 



YYi ch{xi - a) J ' Yli ch{xi) 

f 



I f Q27riY.jXj(Aj-(^^+Y,Ai)/N) ^ 

d^x 



NJ n^ch(xi) Nn^ch{aN-{A,h,)y 

where hi are the weights of SU (N): 

1 



ihjY-Sj--. (4.16) 



The partition function becomes 



nZj sh{ei - ej) nZj sh{e, - ej) 

<E(-ir ^ 



P NUiCh(^/N-{ep^i),hi)-{ei,hi)) 



(4.17) 



Finally we used the Cauchy determinant formula to get: 



1 ^ 1 
^r^K..)..) - n ,,(,;;v-(ea.>-feA)) - 

which is, up to a pref actor, the partition function of N"^ free hypers, as expected from 
mirror symmetry. 
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4.3 Two maximal and k + 2 minimal 



In this section we study an infinite family of mirror theories associated to the sphere 
with two maximal and k minimal punctures. On one side we have the linear quiver 
theories SU{N)'^*^ with N + N fundamentals mi,rhi, i = 1,---N acted by a U{N)'^ 
flavour symmetry, and k bi-fundamentals Mj, j = l,---k depicted in Fig. 8. 

On the other side we have the the star shaped quivers Z'''"''®®, obtained by gluing 
two full punctures Z® and k + 2 abelian integrals Z'^^^^ with FI's rji^ric^v^k and 
Cartan's b,c,ai---ak as indicated in Fig. 9. 

We start from the linear quiver theory. 



N 



/ 



/ 



Figure 8. SU{N)^ quiver. 



The partition function reads: 



-'2N 



— f ndx.dz,ndi/r^HE^05(E^05(E2/r) 

i r lit 



ch{xi - mj)ch{y\^^ - xj - Mi)ch{yY' - y^' - M2)---ch{zi - y)" ^' - Mk)ch{zi - mj) 



,(2) .,(1) 



(fc-i) 



We now use the Cauchy determinant k + 1 times and get k + 2 sums over permutations 
of S]\f. By changing variables it is possible to reorder k + 1 permutations and we find: 



nf^j sh{mi - ■mj)sh{mi - rrij) 



N k-1 

E (-y / ndx.d;.,ndi/f'^'5(E^05(E^OHEi/r) 

peS'JV i r i i i 



ch(xi - mpi^i))ch{yf^ -Xi- Mi)ch{yY' - y\^' - M2)---ch{zi - ^' - Mk)ch{zi - rrii) 

(4.19) 

Now we shift Xi ^ Xi + rupi^i), Zi ^ Zi + fhi, ^ YJj y\^^ +Xi + mp(^i) + YJ'j Mj and 
rewrite the partition function as: 



.(2) 



(fc-1) 
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Ui<jSh{mi-mj)sh{mi-mj) p^s^ J i r 

1 

1 



1 

■ nt' ch{z, + - E? -Xi- m,(,) - E' M,) 

1 



(4.20) 



c/^(- Ef~n^. + m) + Er' E • y?'^ + Y.^~\x, + m,(,)) + (iv - 1) E.'"' M, - M^) ' 

Let's now look at the mirror star-shaped quiver. 




Figure 9. Mirror of two maximal and k + 2 minimal punctures. 
The partition function reads: 



r a" xd\.}_x) [U^^ sn^{Xi- Xj) ^, . 

rx -xG© _ / \^ J '■'■i.<] \ ' ■> ' rz® ( ^. „ X-prQ ( ^. ^ \ 



(l^x5{Y.x) Wi^j sh?{xi - Xj) 
iV! ' 

dMcrfda.^r^ . (4.21) 

V U!'ch(x,-b)ch{x,-c)nfnUHx^-a,) 

Plugging in the exact expression for Z'^^^^^^^ we find: 



1 



n ^ 



/k ^2m(vbb+Vcc) g2TiE*Cjaj 
dbdcJlda-i^, r^-r , (4.22) 
V 'n^ch(xi-b)ch(xi-c)n^n''ch(xi-ajy 
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where we performed a change of integration variables to remove one sum over permu- 
tations. 

We need the following integral: 



J ^ V Y[iCh{xi-h)ch{xi-c)Y[iY[''jCh{x,-a^) 

= f d^X(5(X;a;)dMcndaje2'^^^^^'^*e2'^^(^''^+''=^)e2'^^^^'^^"^ 

^ n / <i^'"<i^f ' n n / ^. (4.23) 



chs\ chs\ i j cht\ 

with Ai = ep(j) + Cj. The integration over b,c,aj,Xi produces the following deltas: 



N N 

<^(-E«r+^c), (4.24) 

i i 
N 

<^(-E^?^+e.), J = l:-K (4.25) 

i 

SiA, - A^ + s['^ - 5« + ) - + Ef ^ - E^!^^)' ^ - 1,-iV - 1 (4.26) 

j j 

we choose as independent variables and j = l,---k-l with i = 1, ■■•A'"-!. 
Prom the first three deltas we obtain: 



7V-1 N-1 N-1 

4'^ = - E 4'' + 4'^ - - E + vc, t^^-T. i^' + e„ J - 1, -fc. 

i i i 

(4.27) 

By manipulating the system we obtain the following equation: 



N k-1 

NAi - E A + Ns^''^ -r}h + TVsf ^ - ?7c + E (^^?^ " + ^ ' = (4.28) 
from which we get: 

- if) = -'f^'-'t'^-^U^^NAi-^f^i ^ ^(1) ^ ^(2) ^ g^O)^ z . 1, ...AT - 1, 

(4.29) 
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and 



- - L^i '^^k- j;^ + 



7V-1 fc-1 



^T(s^'^sr'^j:t^'). (4.30) 

In terms of these variables the partition function can be rewritten as: 

I J' r- N-i , , k-l 



' Ili<jSh{e,-ej)sh{ei-ej) p^sN J i 

1 



nrchis^'yhisr'yhizrs^'-v^chizrsr^-vc) 
1 



1 

1 

(4.31) 

Where JT" is a constant coming from the Jacobian. It is easy to see that this expression 
coincides with the partition function of the mirror theory eq. (4.20), when inserting 
the following dictionary: 

N N 

Vb = Y,^i^ Vc = -Y.m, ei = -mi, Ci = rhi, 

i i 

^, = NM„ J = l,-k, (4.32) 

notice that the two small tails with FI's ?7b,c carry the extra f/(l) flavour symmetry 
(with charge ±1) of the two full puncture. While the other k small tails carry the U{1) 
symmetry associated to the bi-fundamentals. 

5 T/v theories 

We now move to the study of generalised quiver theories. The natural building blocks 
to construct these theories are partition functions associated to spheres with 3 punc- 
tures. Our first goal will be the computation of the partition function of the T/v theory 
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ZTj^{mi,Thj,rhk), associated to the sphere with 3 full punctures, which depends on 
three sets of SU{N) masses. Another block that we will need is the partition func- 
tion of the ugly theory associated to the sphere with two full and one minimal puncture 
Z(mi,mj, rj), which we computed in section 4.2. Finally we need the block Z{mi, rja, rjb) 
for the bad theory associated to the sphere with one maximal and two minimal punc- 
tures which is given by: 



^N(N-i)/2 j-[ _ sh{mi - rrij) J i^j 

2iTi{riaa+rn,b) 



/pzm(riaa+rib0) 
dadb^ . (5.1) 
Oj ch(zi - a)ch{zi - b) 

In section 5.2 we will show how to obtain generalised quiver theories by gluing the 
Z(mi,r]a,r]b), Z{mi,mj,r]) and ZT^(mi,mj,mk) blocks. 

5.1 The Tat block 

The T/v theory is not Lagrangian and in principle one can not use localisation of the 
path integral to evaluate the partition function, however, assuming mirror symmetry 
we can obtain the T/v partition function from its mirror: the Lagrangian star shaped 
quiver theory obtained gluing three blocks depicted in Fig. 10. 



Figure 10. The T/v theory and its mirror. 

The partition function reads: 

d^x6{Y,x) Tli<jSh'^(xi-Xj) 

1 



^©0©/ ~ " N _ f (^^^^(^x)Tli<jSh''{xi-Xj) _ .~^7ef ^ 

■^N K^ii^ji^k) - J ^1 '^]\f{x,ei)^j^{x,ei)z,j^\^x,ek) 



E(-i) 



p+p+p 



I 



d^x5{Y.x) _^27^iT,Mep^^)+ep^^)+efi^,))_ 



N\Yli<jSh(xi- Xj) 

(5.2) 
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Inserting the dictionary Ci ^ rrii, ei ^ rrii and -> rhj we obtain the partition 
function of the Tjv theory: 



ZTt,{mi,fhj,rhk) = - 



jZN{N-i)i2 Yl^^j sh{mi - mj)sh{mi - rhj)sh{mi - nij) 



' J N\ni<,sh{xi-x,) 



p,p,p ■ ^ ^»<j ' 

(5.3) 

This expression has a manifest {Sn)^ symmetry. In particular, thanks to the 
symmetrisation, the partition function is finite. We will see how this works in detail 
for the T3 case. 

The T3 theory Let's now focus on the 7^3 case. We need to compute the following 
divergent integral: 

with C = (Ci, C2, C3) = ({ep(i) + ep(j) + ep(i)}). We shift xi ^ xi + x^ and a;2 ^ a;2 + a;3 
and get: 

r dx^dx2dxs5{x^+X2 + ^xs) ^,^,(^...^^....7.? a..) _ 1 f da;idx2e^"(^i-^+^^-^) 
J sh(xi - Xo)sh(x^)sh(xo) 3 J 
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sh{xi - X2)sh{xi)sh{x2) SJ sh{x\- X2)sh{xi)sh{x2) 

J dadhdc j dxidx2e2'^^(^i^i+-^2^2^e2'^^("(^i-^2^+''^i+^2^i/i(a)i/i(6)i/i(c) = 

'3 

= ^ r dath(a)th{a + Bi)th{a-B2), (5.5) 
with Bi = {C,hi). Where we used that: 

= dae-'^'''''Hh{a). (5.6) 



1 



sinh{x) 



In order to compute the last integral we introduce a FI parameter, playing the 
role of an IR regulator: 

J dath{a)th{a + Bi)th{a - B2)e^^'^'' = (5.7) 
i ( chBich{B2) ^ e-^^'i^^ch{Bi)ch{Bi + B2) ^ e^^'^^'^ch{B2)ch{Bi + B2) \ 



sh{i)\ sh{Bi)sh{B2) sh{Bi)sh{Bi + B2) sh{Bi + B2)sh{B2) 
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and expand the result for ^ 

= ^ + {BicothBi - B2CothB2) coth{Bi + B2). (5.8) 

Notice that the divergent term cancels out thanks to the sum over the 3 sets of 5*3 
permutations. The on-shell^ partition function reads: 

ZT.,{mi,mj,mk) = 3 ^- V (_1)p+p+p 

3! YiiKj sh{mi - mj)sh{mi - mj)sh{rhi - rhj) 

x(mp(i) + mp(i) + mji(^i))coth{mp(^i) + mp(i) + mji(^i))coth{mp(^'i) + rhp^s-j + m^(3)). 

(5.9) 

5.2 Consistency checks from S-duality invariance 

We will now glue our building blocks to obtain generalised quiver theories associated 
to spheres with arbitrary punctures. The partition functions we will construct must 
satisfy an important consistency condition: they must be independent on the particular 
pants-decomposition we choose to perform the gluing. This is a consequence of the fact 
that our theories are independent on the complex structure of the punctured sphere 
and they have the structure of a 2d TQFT. This has been recently pointed out in [19]. 
The super-conformal index of a Ad theory on a punctured Riemann surface, which is 
computed by a 2d TQFT [20, 21], has been shown to reduce, in a certain limit, to the 
3d partition function associated to the same punctured Riemann surface [19, 22]. It is 
then expected that the 3d partition function will inherit the TQFT structure from the 
index. 

To test our blocks, we will show that they satisfy the operator algebra of a 2d 
TQFT, in particular we will prove the associativity relation indicated in Fig. 11, 
stating that the partition function of the sphere with four full punctures can be obtained 
equivalent ly as: 



Vn 

(5.10) 



'On-shcll Y,i iT^i = and (to, hi) = rrii 
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(1) N N (2) 



(1) 



(2) 





N 




N 


/ 


/ 







N (4) 



(3) 



(4) N N (3) 



Figure 11. S-duality invariance as associativity relation for blocks. 

To glue two Ttv blocks we simply gauge one of the SU{N) flavour symmetry and 
we get: 

-7/ (1) (2) (3) (4)x r (^^yi^('Zyi)Yli<jSh'^{yi-yj) (3) (4) 

Z{m\ \ m) \ = J — ^TatIK ,m) %y.r,)ZT^{y.^,ml ',ml 

t-tA^ I./- (1) I./- (2) (2)n 7 / (3) (3)x , / (4) (4)n 

nj<j s/i(m- -"^j )sh{m- -nT-j )sn\mi )sh{m\ ) 

r d^yA^yd r d^x6{Zx) 2niZx,im% +y,) 

X / ^ / ^ — e p*- •'(0 p*- •'(0 

J N\ J ni<jSh(xi-Xj) 

X / ^ — e '(^) p^ '(o 

J Ui<j sh{zi - Zj) 



(5.11) 



The integration over j/j produces a delta function setting Zi = Xi and we obtain: 

1 

rr'V Z7 (1) u( (2) (2)n , / (3) (3)n , / (4) (4)7 

llj<jS/i(m. - ""^j- )sh{m- -rrij )sn\m\ -ni] )sh{m- -m-j ) 



91 ^^1 .^41 »^ 



r, -v- / (1) (2) (3) (4) X 

, ^. , 2m2_Xi{m ,' +rn +m +111 ) 

„ rd'' xXl:x^)e ^ P^^^C) P'^^C) P'-'^C) 

p(l),p(2),p(3),p(4) ni<j - Xj)^ 

(5.12) 

This expression is manifestly invariant under permutations of the m(^)'s and thus the 
associativity property eq. (5.10) is satisfied. 

As a further test we show that SU{N) theory with Nf = 2N can be obtained in 
two ways. The first way, depicted on the left in Fig. 12, corresponds to gluing a T/v 
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block ZT^(mi,mj,yk) and a bad block Z(yk,r]a,r]b) with T]a = Y.i'mi, r]h = T^i^i. The 
second way, depicted on the right in Fig. 12, corresponds to gluing two ugly blocks 
Z{mi,r]a,yk) and Z{yk,r]b,rhj). 




Figure 12. Two equivalent gluing for the SU{N) theory with Nf - 2N, 

Let's start with the first gluing: 

^suiN). ~ X r d^yiS{Tyi)Ui<jSh'^{yi-yj) ^ 

^2N {m^,mj) = J — ZTj^{mi,mj,yk)Z{yk,r]a,Vb) ^ 

J ni<jSh{xi-Xj) J n^ch{zi-a)ch{zi-b) 

(5.13) 

the integration over yi sets Xi - Zi and we obtain: 

^NiN-1) g^^^ _ m^)sh{mi - rhj) J iV! ch{z^ - a)ch{z, - b) 

(5.14) 



For the second gluing we get: 

d^2/»5(Ez/i) Yli< jsh^{yi-yj) 



^su{N)r ~x r d^y^SiTyi)Ui<jSh^{yi-yj) 

{mi,mj) = J — Z{mi,7]a,yk)Z{yk,Vb,mj) 

1 v. rd^y.HEyO 



i^^^-^')ni<jSh(mi-mj)sh(m,-mj) J N\ 

/p2iTirjaa r~ 
d^x5(yx)e2^^^^'("''W+yO^ ^ / d^zSiY z)e^'''^^^^'^p' 
' ch(xi-a) J ' 



+yi). 



ch{xi - a) J ch{zi - b) ' 

(5.15) 

integrating over yi we obtain a delta leading to Xi = Zi leading again to the result in eq. 
(5.14). 
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6 Conclusions 



In this paper we developed a complete formalism to compute partition functions of 
generalised three-dimensional quiver theories deformed by mass and FI parameters. 
We used the mirror description in terms of Lagrangian star shaped quivers combined 
with localisation techniques. 

One of our main results is the explicit evaluation of the partition function of the 
T(SU (N)) quiver theory as a function of the FI and mass parameters. The T{SU{N)) 
tail, mirror of the full puncture, is the fundamental building block to evaluate the 
partition function of generic star shaped quiver theories. 

We provided several non-perturbative checks of the mirror realisation in terms of 
star shaped quivers [5] by showing that partition functions of mirror pairs of Lagrangian 
theories, are equal provided we exchange masses and FI's. 

We then assumed mirror symmetry to find the partition function of non-Lagrangian 
theories in terms of the star-shaped mirrors. In particular we computed the partition 
function of the Tm theory giving an explicit result for the T3 case. 

In this paper we only consider full punctures or minimal punctures. It is however 
very simple to extend our results to the case where punctures specified by generic Young 
tableaux with N boxes. 

An interesting extension of our work would be to evaluate expectations values of 
supersymmetric observables such as Wilson Loops in the 3d generalised quiver theories. 
With our explicit results for partition functions it should be possible to determine the 
mirror dual of these observables. 
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